Abstract: This paper presents a comprehensive method to analyze the sliding motion on a nonsmooth surface. The dynamic behavior of the trajectory on the surface is characterized by the solution of Filippovs differential inclusion. Based on the new criterions on the relation between system trajectories and a nonsmooth surface in the state space, we discuss the sliding motion along the surface, which is processed with the help of the cross product to calculate the direction of the nonsmooth region from one side to another. This result allows us to construct sliding mode controller for more general cases, of which the switching surface can be designed Lipschitz continuous for the nonsmooth sliding motion. Finally, we provide a numerical example to illustrate water drops motion on the nonsmooth surface. It shows that the water drops motion on the surface can be precisely estimated based on the new criteria in good accordance with the physical phenomena.
INTRODUCTION
One useful method to characterize the evolution of dynamical systems is to show the geometric properties of the trajectories. It's attractive for the researchers in the field of control science and engineering that the invariance of the systems can be illustrated by the geometric criteria, such as [1] , [2] , [3] , and [4] . From the viewpoint of control, it has been shown a close connection with the stability of the closed-loop system as reported in [3, 4, 5] and the references quoted in. Almost all results are based on an assumption that the system of interest is smooth. Indeed, it simplifies the discussion on the trajectories and its invariant set, since the trajectory and its direction are unique. One the other hand, we can not draw the same conclusion for the nonsmooth systems whose trajectories may be multiple and whose invariant set has a nonsmooth boundary. It's still a challenge for the analysis and design of the nonsmooth systems.
Some researches pay their attention on the analysis on the motion of the trajectory of a nonsmooth system in the state space. The authors in [6] present some criteria to determine the relation between the phase trajectories of the system in the sense of Filippov [7, 8] and a Lipschtiz continuous surface. Moreover, these results can be used to develop a new sliding mode control design method, of which the switching surface is only linear Lipschitz, such as [9] , and [10] . The prespecified trajectory can be composed of several nonisoclinal segments in the phase plane, which is sliding on the piecewise sliding surface. Authors in [11] and [12] also consider the design methods to drive the trajectory into the regions which have nonsmooth boundaries. However, the sliding motion on the nonsmooth surface is seldom discussed, since there is no prefect method to analyze the motion with nonsmooth constraints.
Actually, the criteria on the phase trajectories in the state space can also be generalized to the case of a specific region, i.e. the nonsmooth surface. Obviously, the key to show the sliding motion on a nonsmooth surface is to find a method to describe the direction of the sliding motion on the surface. In this paper, we introduce a method by using the cross product to calculate the direction of the nonsmooth region from one side to another. With the direction, we can utilize the new criteria to determine the sliding motion on the surface, especially for the nonsmooth regions of the surface. Finally, in order to present the sliding motion on a nonsmooth surface, we provide a numerical example that illustrates a wellknown natural phenomenon, water drops on surface. The simulation results show that we can use the new criteria to determine the motion of water drops on the surface and their motion is different if the nonsmooth surface is changed a little. Nevertheless, they all agree with the physical phenomenon very well.
MAIN RESULTS
The system of interest can be written in the form
T ∈ R n denotes the state, f : R n ×R → R n is the vector field. The solution of system Σ 1 is defined in the sense of Filippov [7, 8] , that iṡ
where
and ∩ µS=0 denotes the intersection over all sets S of Lebesgue measure zero. Usually, S can be considered as a region that separates the vector field, i.e. switching surface.
For the surface S, we just consider it as a Lipschitz surface which can divide the state space into two Lipschitz regions.
Similar to the situation of the trajectory in state space [6] , there actually exist three different cases as the trajectory is sliding along a nonsmooth surface as shown in Fig If we consider a Lipschitz surface that is constructed by the combination of several smooth surfaces, in other words, a continuous and piecewise smooth surface, the nonsmooth region will be the common part of the surfaces' connection. From the previous discussion, the motion of trajectory on such common parts can be determined if we can calculate the direction of trajectory with respect to the nonsmooth region of the surface. Since the surfaces are smooth in the neighborhood of the nonsmooth region, the direction of the trajectory can be obtained based on the gradient. The next problem is to determine the direction from one side of the nonsmooth region to another. Unlike the previous discussion, the problem should be considered on the surface. In the following, we will develop a method by using cross product. are three-dimensional, the cross products of l and N i , i = 1, 2, provide the directions towards one side of L on the surface S i , i = 1, 2, denoted by F i , i = 1, 2, respectively. Moreover, the surface of interest may be high-dimensional such that we have to introduce the high-dimensional cross product which can calculate the directions F i , i = 1, 2.
Let the surface S i , i = 1, 2, denote by
Since there are only two linear equations for L, L can be expressed by the combination of n−2 linearly independent vectors, that is
. . e n } denote the standard basis of n-dimensional space. Then, F i , i = 1, 2 can be calculated by the high-dimensional cross product defined as follows For a general Lipschitz surface S as show in Fig. 3 , the linearization method can be used to deal with the problem. We can calculate the tangent planes of the common region, since the half surfaces S i , i = 1, 2, are smooth. Let P i , i = 1, 2, denote the tangent planes of S i , i = 1, 2 at a common point x * , respectively. Their equation can be represented as
Consequently, the line of intersection satisfies L :
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Then, the problem can be considered as the case that S is made up of two linear surfaces and F i , i = 1, 2, can be obtained.
Compared with Filippov's criteria, the sliding motions on S i , i = 1, 2, correspond to f + and f − , respectively. As the proposed criteria, we can determine where the trajectory will go by considering their relative direction. However, there still exists more complex cases that F i , i = 1, 2, cannot be obtained by cross product method. For example, the common region is nonsmooth on the surface. In such cases, we have to apply cone condition on the surface, which is similar to the new criteria proposed here.
NUMERICAL EXAMPLES: WATER DROPS ON SURFACE
In this section, we attempt to analyze an interesting and well-known physical phenomenon through our approach. We show the nonsmooth motion of water drops on surface.
Unlike the examples in [13] which present the motion of water drops on smooth surfaces, we only consider a simple case of nonsmooth surface which is generated by two half planes. As shown in Fig. 4 , two wedge surfaces, V and V , are selected to set up the numerical experiments. We assume there are some water drops dripping to the wedges. The half surfaces of V and V are selected to be S 1 , S 2 and S 3 defined as follows
We can construct two nonsmooth surfaces V and V by their combination, that is
And the line L is the common boundary of the half planes, denoted by
Obviously, V and V are nonsmooth at any point of L.
Suppose each water drop has unit mass. Under the influence of gravity, the water drops fall down freely from the point above S 1 . The motion equation of water drops can be written as
Assume the water drops are only moved by supporting force that is orthogonal to the surface as they are below the surface, then for S 1 the motion dynamics can be expressed by
and Σ 6 in (18) is of S 3 ,
where τ i > 0, i = 1, 2, 3, are the size of supporting force.
Without considering any physical meaning of the drops and the wedges, we will show the motion of drops just by the above equations. Based on Theorem 4 and 5 in [6] , we can conclude that the drops will reach the surface but cannot go though the surface, since the contingent cone on one side of any half surface is a half space. According to Corollary 2 in [6] , we know there exists sliding motion of the drops on each half surface. In fact, Filippov's criteria are available to determine the motion of water drops on the surface S 1 , S 2 and S 3 , because they are smooth. The sliding motion on S 1 , S 2 and S 3 can be obtained based on Theorem 1, that is
For the nonsmooth wedge V , the motion of water drops on the nonsmooth region L satisfies the following Filippov's differential inclusion Σ 7 :ẋ ∈ co{Σ 3 , Σ 4 , Σ 5 } (22) which can be rewritten as the following linear convex combination of Σ 3 , Σ 4 , Σ 5
where γ i > 0, i = 1, 2, 3, and γ 1 + γ 2 + γ 3 = 1. For this case, Filippov's criteria do not work. Fig. 5(a) shows the vector field of Σ 6 in the state space, and Fig. 5(b) shows the contingent cone
V (x) = ∅ from the figure. By Corollary 2, the water drops will stay on V forever. For the case of V , the differential inclusion of the motion on the nonsmooth region L can be represented as Σ 8 :ẋ ∈ co{Σ 3 , Σ 4 , Σ 6 } (24) In the form of linear convex combination, it can be rewritten as
where 
From the equation (58), (59) and (60), we can find that F 2 and F 3 point to the outside of the half plane S 2 and S 3 , respectively, except F 1 . The direction of the trajectory related to L can be calculated by using the dot product, that is Σ
Thus, the water drops on V will converge to L from S 1 and S 2 , and the sliding motion along L will also occur. In contrast, the water drops sliding on S 3 will depart from L such that there exists no sliding motion along L for the water drops on V . In other words, for the case that the water drops over S 1 drip on V , they will slide along S 1 first, then cross L and slide along S 3 .
Since the water drops on V will slide along L, the motion equation must satisfies (14). We can calculate γ 1 ,γ 2 ,γ 3 by solving the following equations For the second case, the trajectories of the water drops on V will cross the nonsmooth region L such that the intersection point is unique and has Lebesgue measure zero. Their motion can be described by the dynamic equations according to the separated motion segments, i.e. Σ 
